Abstract. We prove the strong unique continuation property for manybody Pauli operators with external potentials, interaction potentials and magnetic fields in L p loc (R d ), and with magnetic potentials in L q loc (R d ), where p > max(2d/3, 2) and q > 2d. For this purpose, we prove a singular Carleman estimate involving fractional Laplacian operators. Consequently, we obtain the Hohenberg-Kohn theorem for the MaxwellSchrödinger model.
Density Funtional Theory (DFT) is one of the most used approaches to model matter at atomic and molecular scales. It is extensively employed to probe microscopic quantum mechanical systems, in very diverse situations. The one-body density of matter is the main object of interest in this framework. Indeed, a statement by Hohenberg and Kohn [20] , lying at the heart of the theory, proves that, at equilibrium, the density contains all the information of the system. Later, Lieb [33] showed that the rigorous proof of the Hohenberg-Kohn theorem relies on a strong unique continuation property (UCP).
Unique continuation is an important and versatile tool in analysis. In particular, it is used to prove uniqueness of Cauchy problems, see [49] for a review of some results. Unique continuation mainly relies on Carleman inequalities, first developed by Carleman [6] , later improved by Hörmander [21] and Koch and Tataru [24] . Unique continuation implies that, under general assumptions, a function verifying a second order partial differential equation and vanishing "strongly" at one point vanishes everywhere. A famous result of this kind is due to Jerison and Kenig [23] , who dealt with eigenfunctions of Schrödinger operator −∆ + V (x) where V ∈ L n/2 loc (R n ). Nevertheless, most of the existing results fail to apply to physically relevant situations, because their assumptions on potentials depend on the number of particles N . The only two adapted works, having N -independent assumptions on the potentials, are the ones of Georgescu [17] and SchechterSimon [48] . But they hold only in a weak version, where it is assumed that the function vanishes in an open set.
This paper is a continuation of a previous article [16] , where we showed the strong UCP for the many-body Schrödinger operator having external and interaction potentials. We extend our previous result [16] to the important case of magnetic fields. Our proof relies on a new Carleman inequality, which we prove using well-known techniques developed by Hörmander in [22, Date: January 11, 2019. Koch and Tataru in [24] , and by Rüland in [47] . The fractional Carleman inequality we present here contains singular weights, and corresponds to Sobolev multipliers assumptions on potentials, independent of the number of particles. One of the difficulties with strong UCP results is that they need to use Carleman inequalities with singular wieghts. They are more delicate to show than for regular weights, because Gårding's inequality cannot be applied. We refer to [32] for more details on Carleman estimates with regular weights.
There are many works concerning unique continuation for Schrödinger operators with magnetic fields in the case of one-particle systems, based on Carleman estimates [2, 8, 24, 42, 43, 57, 58] . Another way of proving strong UCP results relies on techniques developed by Garofalo and Lin [14, 15] which do not employ Carleman estimates but Almgren's monotonicity formula [1] . This was used by Kurata in [27] to show strong UCP results for oneparticle magnetic Schrödinger operators. Recently, Laestadius, Benedicks and Penz [31] proved the first strong UCP result for many-body magnetic Schrödinger operators, using the work of Kurata. However, they need extra assumptions on (2V + x · V ) − and curl A, and a result with only L p hypothesis on potentials was lacking.
The dimension of space being d, we can deal with external and interaction potentials as well as magnetic fields in
Our assumptions are independent of the number of particles N and can treat the singular potentials involved in physics like the Coulomb one. We prove the strong UCP for the Pauli operator, which can be seen as an operatorvalued matrix and thus belongs to the category of UCP results for systems of equations. Our result implies the Hohenberg-Kohn theorem in presence of a fixed magnetic field.
In order to take into account photons in a DFT context, Ruggenthaler and coworkers [45, 46] considered the Pauli-Fierz operator together with a corresponding model where light and electrons are quantized, stating an adapted Hohenberg-Kohn theorem and calling the resulting theory QEDFT. Maxwell-Schrödinger theory is a variation of this hybrid model, in which photons are treated semi-classically through an internal self-generated magnetic potential a. Tellgren studied this model in [50] within DFT and baptized the resulting framework Maxwell DFT. In a model describing external magnetic fields but not internal ones [53, 54] , the natural generalization of the Hohenberg-Kohn theorem does not hold. Counter-examples were provided in [5] . In DFT, an important problem has been to find a model bringing back this property [11, 28, 29, 36-38, 51, 52, 55, 60] . The models containing internal magnetic potentials do so, as explained in [45, 50] and in this work, and our strong UCP result enables us to rigorously prove the HohenbergKohn theorem in the Maxwell-Schrödinger model. Thus in this setting the one-body density ρ and internal current j + curl m + ρa of the ground state contain all the information of the system. Acknowledgement. I warmly thank Mathieu Lewin, my PhD advisor, for having supervised me during this work. This project has received funding from the European Research Council (ERC) under the European Union's Horizon 2020 research and innovation programme (grant agreement MDFT No 725528).
Main results
Because it is of independent interest, we start by explaining the Carleman estimate which is the main tool of our approach.
Carleman estimates for singular weights.
We denote by B R the ball of radius R centered at the origin in R n , for n 1. Our main result is the following. Theorem 1.1 (Carleman inequality). Let 0 < α 1/2, and let us define φ(x) := − ln |x| + (− ln |x|) −α for |x| 1/2. In dimension n, there exist constants c n and τ n 1 such that for any τ τ n and any u ∈ C ∞ c (B 1/2 \ {0} , C), we have
With φ a smooth pseudo-convex function, the classical Carleman estimate for regular weights is
for τ large enough, see [32, 49] for more detail. In [43] , Regbaoui shows the estimate
where φ = ln |x| −1 . This holds for τ ∈ N + 1 2 which is a set preventing some quantity to intersect the spectrum of the Laplace-Beltrami operator on the sphere. The estimate (3) is not good enough for us due to the slower increase of the coefficients in τ . In [49] , Tataru also presents a Carleman estimate with singular weights,
with
where λ has to be negative for φ to be striclty convex. Here the behavior in τ is optimal but the estimate on ∆u is missing. 1 Another Carleman estimate with singular weights was proved in [47] . It is similar to (4) and the weight function is
for which φ(x) ∼ − (1 + π/20) ln |x| when |x| → 0 + . In our application to many-body Schrödinger operators, we needed a Carleman inequality having the best possible powers of τ outside the integrals, with a weight such that φ(x) ∼ − ln |x| when |x| → 0 + , for e φ to be close enough to |·| −1 , and with the same powers of e φ as in the classical estimate (2). Our inequality (1) e |x| .
We obtain the same powers of τ as the classical estimate, and the singularity of the weight is the same as in the regular case, up to some logarithms. In order to deal with many-body operators, it is convenient to deduce a weaker inequality involving Sobolev multipliers. We state here the inequality in a form which can be used in the proof of the next theorems. 
The constant κ δ,n depends only on δ and on the dimension n.
The proofs of Theorem 1.1 and Corollary 1.2 are provided later in Section 2.
Unique continuation properties.
We state a strong unique continuation property (UCP) result for Schrödinger operators involving gradients, with assumptions that will allow us to prove a corresponding result for the many-body Pauli operator.
Theorem 1.3 (Strong UCP for systems with gradients). Let
The published version of [16] relies on this Carleman inequality. After publication we realized that the same estimate on ∆ e τ φ u as in (2) had not been proved for the weight (5), contrarily to what was stated in [16] . We do not know if it holds or not.
for every R > 0, there exists c R 0 such that
in R n in the sense of quadratic forms, where ǫ n,m,δ and ǫ n,m are small constants depending only on the displayed indices. Let Ψ ∈ H 2 loc (R n , C m ) be a weak solution of the m × m system
where
If Ψ vanishes on a set of positive measure or if it vanishes to infinite order at a point, then Ψ = 0.
We recall that Ψ vanishes to infinite order at x 0 ∈ R n when for all k 1, there is a c k such thatˆ|
Let A be a magnetic potential and B a magnetic field. Physically in dimension 3, A and B are linked by B = curl A, but we will consider arbitrary dimensions and artificially remove the link between A and B. We consider the N -particle Pauli Hamiltonian
where σ j are generalizations of Pauli matrices. They are d square matrices of size 2
representation of the Clifford algebra, which structures Lorentz-invariant spinor fields [10, Appendix E]. As an operator-valued matrix, the only nondiagonal member is the Stern-Gerlach term N j=1 σ j · B(x j ), responsible for the Zeeman effect. We refer to [7, Chapter XII and Complement A XII ] for a discussion on this Hamiltonian. The previous result implies the strong UCP for this operator. 
for all R > 0, where ǫ d,N is a small constant depending only on d and
The proof of this corollary is the same as [16, Corollary 1.2]. If we consider the operator (8) but without taking into account the magnetic field B, which is frequent in physics, then the hypothesis on B also disappears.
Hohenberg-Kohn theorems in presence of magnetic fields.
We give here two applications of our strong UCP result in Density Functional Theory. The first one is the classical Hohenberg-Kohn theorem in presence of a fixed magnetic field.
1.3.1. Fixed magnetic fields. The one-particle density and the paramagnetic current of a wave function Ψ are respectively defined by
, with p and q as in (12) . If there are two normalized eigenfunctions Ψ 1 and Ψ 2 of H N (v 1 , A, B) and H N (v 2 , A, B), corresponding to the first eigenvalues, and such that ρ Ψ 1 = ρ Ψ 2 , then there exists a constant c such that
The proof is the same as in the standard case where A = B = 0. We refer to the same arguments as in [16, 20, 33, 39 ].
1.3.2.
Ill-posedness of the Hohenberg-Kohn theorem for Spin-Current DFT. We recall the definition of Pauli matrices in dimension 3,
they act on one-particle two-component wavefunctions φ = φ ↑ φ ↓ T , where
We denote by L 2 a (R dN ) the space of antisymmetric functions of N variables in R d . The state of a system is described by wavefunctions Ψ ∈ L 2 a (R dN , C 2 N ). We introduce the one-body densities
where α, β ∈ {↑, ↓}. We remark that ρ ↑↓ = ρ ↓↑ =: ξ. We define the density ρ Ψ := ρ ↑↑ + ρ ↓↓ and the magnetization
The energy of a quantum wavefunction is coupled to the magnetic field only through the density ρ and through the magnetization current j + curl m. Indeed, using either bosonic or fermionic statistics,
We re-establish the physical relation B = curl A in the Coulomb gauge div A = 0 and consider the physical Hamiltonian
A natural question is whether the model with Pauli operator and varying magnetic fields has a corresponding Hohenberg-Kohn theorem, i.e. we ask whether (ρ
This turns out to be wrong, due to counter-examples found by Capelle and Vignale in [5] . They take an atomic electric potential v = c |·| −1 and a magnetic potential A = 1 2 bre θ in cylindrical coordinates, the corresponding magnetic field being B = be z . They consider Ψ 0 the ground state of H N (v, 0) and a second Hamiltonian H N (v − A 2 , A), and they show that Ψ 0 is also the unique ground state of H N (v − A 2 , A) when b is small enough. We thus have here two different external potentials (v, 0) and (v − A 2 , A) creating the same ground state one-body densities.
Many authors studied this ill-posedness issue [5, 11, 28, 29, 36-38, 51, 52, 55,60] , also from the point of view of Spin DFT, in which current effects are neglected [4, 13, 25, 26, 38, 40, 44, 56] , and from the point of view of Current DFT, in which spin effects are neglected [11, 29, 30, 36, 37, 51, 55] .
Nevertheless, one could try to find a similar result using the physical total current, that is the one which can be measured in experiments, j t := j+curl m+ρA. As explained in [36, 51] , for one particle and for Current DFT where j t := j+ρA, the relation curl(j t /ρ) = curl A shows that the knowledge of j t and ρ gives the knowledge of A, and also of v by the Hohenberg-Kohn theorem. The case of N 2 particles is still open.
1.3.3. Hohenberg-Kohn for the Maxwell-Schrödinger model. We keep the dimension d = 3. In order to get a model taking into account current effects but having a Hohenberg-Kohn theorem, and as a second application of our strong UCP result, we investigate the Maxwell-Schrödinger theory. This is a hybrid model of quantum mechanics where electrons are treated quantum mechanically and light is treated classically. It is an appromimation of non-relativistic QED [12, 18] . It was studied throught a DFT approach by Tellgren in [50] , and the resulting framework was called Maxwell DFT. We define
the set of divergence-free magnetic potentials, i.e. potentials in the Coulomb gauge. A state of matter and light is given by a pair (Ψ, a) ∈ L 2 a (R dN , C 2 N )× A, where Ψ describes electrons and where a is an internal magnetic potential describing the photon cloud around the electrons.
We denote by
the kinetic and interaction parts of the Schrödinger operator. The energy functional takes into account the energy of Ψ coupled to the total magnetic field, and the kinetic energy of the internal magnetic field. We denote by α the fine structure constant and define ǫ := (8πα 2 ) −1 . The MaxwellSchrödinger energy functional is
for bosons or fermions. We denote by
the ground state energy. This functional was studied in [12, 34, 35] when A = 0, where the authors found that in the case of a Coulomb potential generated by only one atom having a large number of protons, this minimum was −∞. In [34, Theorem 1], they also prove that for Coulomb potentials induced by molecules, if the total number of protons in the molecule is lower than 1050, independently of the positions of the nucleus, then the functional is bounded below. This justifies the applicability of the next theorem to physical systems. When one removes the Zeeman term N j=1 σ j · B(x j ) and considers the corresponding functional, then this issue disappears and the functional is always bounded from below for v, w
The corresponding Euler-Lagrange equations are the Schrödinger equation together with a Maxwell equation. Using curl * = curl and curl curl = ∇ div −∆ we can show that if it exists, the ground state (Ψ, a) verifies
The internal current of a state (Ψ, a) is defined by
We remark that m Ψ and j (Ψ,a) are locally gauge invariant. We are now ready to state the Hohenberg-Kohn theorem for this model. 
) be potentials such that E v 1 ,A 1 and E v 2 ,A 2 are bounded from below and admit lowest energy states (Ψ 1 , a 1 ) and (Ψ 2 , a 2 ). If ρ Ψ 1 = ρ Ψ 2 and j (Ψ 1 ,a 1 ) = j (Ψ 2 ,a 2 ) , then A 1 = A 2 and there is a constant c such that
This result shows that in the Maxwell-Schrödinger framework, the knowledge of the ground state density ρ and internal current j + curl m + ρa gives the knowledge of v and A. Said differently, at equilibrium, ρ and j + curl m + ρa contain the information of v and A.
Proof. Let us denote ρ := ρ Ψ 1 = ρ Ψ 2 the common densities, j ′ := j (Ψ 1 ,a 1 ) = j (Ψ 2 ,a 2 ) the common internal currents, and E i := E v i ,A i (Ψ i , a i ) for i ∈ {1, 2} the ground state energies. We have
and the same inequality is true when exchanging 1 and 2. Thus we have equality in the previous inequality, and
We take the difference of those equations with the Euler-Lagrange equations verified by (Ψ 2 , a 2 ) for E v 2 ,A 2 and get
By the strong UCP theorem for Pauli operators, Corollary 1.4, Ψ 2 does not vanish on sets of positive measure, and hence the same holds for ρ. Indeed, if ρ vanishes on a set S ⊂ R d of positive measure, then
which has infinite volume. We thus have A 1 = A 2 from the second equation in (13) . Using it in the first equation of (13), we get
so, by the same argument as in [16] , we conclude that
Experimentally, the measurable current is the total one j t = j + curl m + ρ(a+A). Thus, one could still want to search for a Hohenberg-Kohn theorem in the standard Schrödinger model but involving the knowledge of j t instead of the knowledge of j. This is an open problem. Our result easily extends to the case where we do not take into account spin effects, that is when we take for one-body kinetic operator (−i∇ + A) 2 instead of (σ · (−i∇ + A))
2 . Then the internal current is j + ρa and the above results hold.
Proofs of Carleman inequalities
2.1. Proof of Theorem 1.1.
Proof. We denote by r := |x| the radial coordinate. In dimension n, the Laplace operator in spherical coordinates is ∆ = ∂ rr + n−1 r ∂ r + 1 r 2 ∆ S , where ∆ S is the Laplace-Beltrami operator on the (n − 1)-dimensional sphere. Using log-spherical coordinates t := ln r, we have
We take the function φ(x) = − ln |x| + (− ln |x|) −α as in the statement of the Theorem, and define ϕ(t) := φ(e t ). More explicitly,
Conjugating the previous operator |x| 2 ∆ with e τ φ yields
and decomposing the result in symmetric and antisymmetric parts, we have P = S + A, where
We implicitly take the L 2 (R n ) norm. We want to estimate ||P v||
We have 2 Re Sv, Av = v, [S, A]v so this term is real and integrating by parts yields
Thus for τ large enough,
With
||P v|| 2 /2, we compute the radial part of the gradient
for τ large enough. Now, using the inequality (14) again, we find
Working back in cartesian coordinates, we have
Defining u := e τ φ v and using 1 |x| e φ e, the last inequality implies
2 6 e 4 αˆ e τ φ ∆u
2
.
Using also 1 |x| |∇φ| e (ln 2) −1/2 4 in B 1/2 , we have
and similarly
Eventually, we obtain
These are the first terms in (1). We now turn to the estimates on the second derivative. Since |x| 2 ∆φ = (n − 2)ϕ ′ (ln |x|) + ϕ ′′ (ln |x|) we have |x| 2 |∆φ| n + 4. Since ∆e τ φ = τ e τ φ ∆φ + τ |∇φ| 2 , then we find
2 25 e 4 (n + 4) 2 αˆ e τ φ ∆u
The constant c n in (1) can be taken to be 2 25 e 4 (n + 4) 2 , for instance.
Proof of Corollary 1.2.
Proof. We fix α = 1. Now for any a ∈]0, 1[ (which we are going to take small), there exists c(a) such that
c(a) (− ln |x|) 3 , on B 1/2 . We remark that c(a) → +∞ when a → 0 + . So the inequality (1) taken from Theorem 1.1 implies
We now compute
= |x| a τ ∆φe τ φ u + τ 2 |∇φ| 2 e τ φ u + 2τ ∇φ · e τ φ ∇u + e τ φ ∆u cτ 2 e (τ +2−a)φ |u| + cτ e (τ +1−a)φ |∇u| + ce τ φ |∆u| .
Next we apply the fractional Hardy inequality,
which holds for any δ ∈ [0, n/2[. Its sharp constant was found in [3, 19, 59] . Choosing a = δ/2 ∈ [0, n/4], we deduce that
Applying Hölder's inequality together with e τ φ u cτ
as implied by (1), yields the first part of our claim (6) . We remark that this is also true for a ∈ [n/4, 1[. We show now the second part of the inequality. We begin by expanding
where we used 2 |k i k j | k 2 i +k 2 j . Applying Hölder's inequality together with
we obtain the second part of the sought-after inequality (6).
Proof of the strong unique continuation property
We present here the proof of Theorem 3.2, which follows rather closely that in [16] .
Step 1. Vanishing on a set of positive measure implies vanishing to infinite order at one point. To prove that Ψ vanishes to infinite order at a point, we extend a property showed by Figueiredo and Gossez in [9] , to magnetic fields.
loc (R n , R n ) such that for every R > 0, there exist a R , a ′ R and c R > 0 such that a R + a ′ R < 1 and
weakly. If Ψ vanishes on a set of positive measure, then Ψ has a zero of infinite order.
Proof. We take δ ∈ (0, 1/2] and define a smooth localisation function η with support in B 2δ , equal to 1 in B δ , and such that |∇η| c/δ and |∆η| c/δ 2 . Multiplying the equation by η 2 Ψ, taking the real parts and rearranging the obtained equation yieldŝ
We move the first term of the right-hand-side to the left, which yieldŝ
where c is independent of δ. The end of the proof follows [9] .
The last proof extends to Pauli operators. loc (R n , R n ), such that for every R > 0, there exists c R 0 such that
in R n , where ǫ n,m is a small constant depending only on the dimensions n and m. Let Ψ ∈ H 2 loc (R n , C m ) be a weak solution of the m × m system (7), that is
If Ψ vanishes on a set of positive measure, then Ψ has a zero of infinite order.
Without loss of generality, we can thus assume that Ψ vanishes to infinite order at the origin.
Step 2. ∇Ψ and ∆Ψ vanish to infinite order as well. As remarked in [16, Section 2,  Step 2], if Ψ ∈ L 2 (R n ), then vanishing to infinite order at the origin is equivalent to´B 1 |x| −τ |Ψ| 2 dx being finite for every τ 0.
Lemma 3.3 (Finiteness of weighted norms). i) If Ψ ∈ H 2 loc (R n ) with ǫ > 0, and if Ψ vanishes to infinite order at the origin, then ∇Ψ as well.
ii) Let V ∈ L 2 loc (R n , C) and A ∈ L 2 loc (R n , R n ) be such that
for some a, a ′ such that a + a ′ < 1 and c, c ′ 0. Let Ψ ∈ H 1 loc (R n ) satisfying −∆Ψ + iA · ∇Ψ + V Ψ = 0 weakly. If Ψ vanishes to infinite order at the origin, then ∇Ψ as well.
iii
for some a < 1, c, c ′ 0, and some ǫ 0 depending on a. Let Ψ ∈ H 2 loc (R n ) satisfying −∆Ψ + iA · ∇Ψ + V Ψ = 0. If Ψ vanishes to infinite order at the origin, then ∇Ψ and ∆Ψ as well.
Proof. i) For δ > 0, we take a smooth localisation function η, equal to 1 in B δ ⊂ R n , supported in B 2δ , and such that 0 η 1, |∇η| c/δ, and |∆η| c/δ 2 . Applying the Gagliardo-Nirenberg inequality and using the definition of Ψ vanishing to infinite order, we obtain
ii) With η being the same function as in i), and considering (15) again, we haveˆB
and this proves ii). iii) We take the same funtion η as in i), adding the constraint |∂ ij η| < c/r 2 for any i, j ∈ {1, . . . , n}. From the proof of Lemma 3.2 of [16] we know that
for any α > 0. As for the gradient term,
We denote by ∇ 2 Ψ = (∂ ij Ψ) 1 i,j n the hessian of Ψ, its square being
therefore, denoting by ⊗ the tensor product,
We use Schrödinger's equation pointwise and gather our previous inequalities. We get, for any β > 0,
We take α, β and ǫ such that a(1 + β)(1 + α) + 8ǫd 1 + 1 β < 1. This allows to move the term in´|η∆Ψ| 2 to the left and obtain
which proves Lemma 3.3.
The last lemma also extends to Pauli operators.
Step 4. Proof that Ψ = 0. We consider some number τ 0 (large), and we call c any constant that does not depend on τ . We take a smooth localisation function η, equal to 1 in B 1/2 ⊂ R n , supported in B 1 , and such that 0 η 1. We take the same weight function φ as in Theorem 1.1. Thanks to step 3, all the expressions we write are finite. We begin by controling the gradient term .
We have κ 4δ,n κ 4δ/3,n , and we can now estimate .
Eventually, e τ φ ∆ (ηΨ)
+ 2 e τ φ ∇η · ∇Ψ 
The constant ǫ n,m,δ needs to be small enough so that 6κ 4δ/3,n nm 2 ǫ n,m,δ < 1, and τ needs to be large enough so that 6κ 4δ/3,n nm 2 ǫ n,m,δ + τ −1 c < 1. Then we move the term in (16) to the left and get
Finally, using our Carleman inequality, we find ||Ψ|| L 2 (B 1/2 ) e τ (φ(·)−φ( Letting τ → +∞ proves that Ψ = 0 in B 1/2 . We can propagate this information by a well known argument, see for instance the proof of [41, Theorem XIII.63 ]. This concludes the proof of Theorem 3.2.
